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P a g e  1 of 40 

RADIATION PATTERNS OF FOUR SYMMETRICALLY 
LOCATED SOURCES ON A PERFECTLY 

CONDUCTING SPHERE 

Introduction 

In this repor t  the radiation patterns of four symmetr ical ly  
located sources  (dipoles or sma l l  aper tures )  on a perfectly conducting 
sphe re  are presented. Analytical solutions a r e  given which w e r e  pro- 
grammed fo r  the digital computer,  
is to  get some idea of the radiation field of a symmetr ica l  antenna sys-  
tem mounted on a satell i te which may be considered as a sphere.  The 
data contained in this report  may serve  as a guide in  selecting cer ta in  
des i rab le  pat terns  which can be obtained by varying such fac tors  as the 

The purpose of this  investigation 

. -  

s i ze  of the sphere  and the number of the sources ,  their  positions on 
the sphere ,  and their  relative magnitudes and phases ,  

6, 
The Dyadic Green's Function Pertaining to Exter ior  
Problems of a Perfectly Conducting Sphere 

F o r  harmonically oscillating field with a t ime  dependence of 
e-iwt the electr ic  field vector E satisfies the differential  equation 

where  k = 2r/A and A i s  the f r e e  space wavelength. 
be integrated in a very  compact manner by introducing a dyadic Green's 
function' which is a solution of the equation 

Equation (1)  can 

L-L + - +  
where  I denotes the unit dyadic and 6 ( R I R t )  tke th rz -d imens iona l  delta 
function. 
yieias the ioiiowing equation: 

Application of Green's theorem to E and Ge in a closed region 
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In dealing with radiating cu r ren t  elements in the presence of a diffracting 
body, the surface of integration S occurr ing in the above equation can be 
chosen to be a composite surface consisting of the surface of the body s d  
and a large sphere  S, at infinity. 
condition the surface integral  over S, vanishes and the second t e r m  in 
the surface integral  can be eliminated i f  we require  that Ge satisfies 
the following boundary condition on s d :  

Because of the Sommerfeld radiation 

u 

d 

Knowing Ge one can find the field due to  a given cu r ren t  distribution, 
o r  the field due to ape r tu re s  on a perfectly conducting body, by evaluating 
the integrals 

o r  

ape r tur  e 

The dyadic Greenls function for  a sphere ,  a s  derived in Reference 2 ,  
fo r  the configuration shown in F i g .  1 is  

where ( R ,  0 ,  $) = spherical  coordinates of point of observation, 
(R', e',  +I)  = spherical  coordinates of the source  point, 

a = radius of the sphere with center  a t  origin,  
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Fig. 1. 

(1) cos 
+e  

Omn = hn (kR) P T ( c o s  e) s in +, 

& 1 
Ne k 
-+ 

= - V x  V x  ( $ e  R) . 
omn omn 

P r i m e d  functions are  defined with respect  to (R ' ,  e ' ,  +') : 

and 
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Far-zone Field of a Radiallv Oriented DiDole on the Surface 
of a Perfectly Conducting Sphere 

The c u r r  nt distribution function for  a n  electr ic  dipole with x 
moment $ = pr  R can be writ ten as 

Substituting Eq. (8) into Eq. (5)  one obtains 

o o n  

c a n  

nml m=O 

4 3  
By making use of the asymptotic formula for N (  ) ,  when the value of kR 
i s  much la rger  than unity, we have the expression for  the f a r  field: 

w n  

1 I 

m 
d m  cos A - m P ,  ( C O S  0)  sin A 1 

kR -Pn de ( c o s @ )  sin m+ e t  sin 8 cosmb+J  
. ( - i ln  e 

ikR i 
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In the special  ca se  when the dipole is placed at the top of the sphere 
with the coordinate (a, 0, 0) Eq. (10) reduces to 

where P a  = ka. 

Far-zone Fie ld  of a Small  Aperture on the Surface 
of a Perfect ly  Conducting Sphere 

Insertion of the expression f o r  Ge, defined by Eq. ( 7 ) ,  into Eq. (6 )  
resu l t s  in the integral  

-+dl1 -+ , (3)  + ( 3 )  [ N  t a n N  ]M 2 n t l  (n-m)!  -. 
41T n(nt1) ( n t m )  ! 

In  evaluating the far field use  can be made of the asymptotic formulae 
for  G(') and $('I, which a r e  

ikR + 

= ( m i )  m kR 
n t l  e 

emn 
0 

and 
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Fig.  2. 
A + +  

where  R X m = n. 
shown in Fig. 2 the aper ture  field is  descr ibed by 

F o r  a n  infinitesimal ape r tu re  with field direction 

Equation (12) then becomes 

1 K K  -iAEo e n 2nt1 (n -m) !  
4 ~ a  n(n+l) ( n t m )  ! 

-+ 4 

(15) E(R) = ___ 
n=l m=O 

, -4. 

dPm(cos 11 07 

de' 
t sin e o  

6 

cos 
s in  

e eo 



4 ~ r a  R n ( n t  2 n t l  1) (n tm)  (n-m)! ! [ F e a t  ~ 4 4 1 ,  n 
(-i) (2-6,) - iAEo e --- - - 

n=l ma0 

where 

- 1 m P?(COS eo) t sinPo cos m(+-+O) 
sin W, J 

m P r ( c o s  e,) 
sin 8, 

-COS B o  s inm(+-+J  
i d P F ( c o s  8 )  

de t 
[ S , ( W  1 ' 

d P T ( c o s  8') 
t sing, cos m(+-+O) 

de' 

e'=e 
0 

I d P r  (cos  03 
-cos po  cos m(+-G0) 

de' 

1 d P T (  cos e) 
F+ = -- de e #a) 

m 

sin 8, 
- sing, s inm(+-+o)  

m 
m P n  ( C O S  e,) 

s in  8, B ~ C O S  m(+-+o) 
m 

sin e 
i m P, ( C O S  e) 

t 

dP?(cos e ' )  I , ] - singo s inm(+-+O)  
de' e = e o  , 

and 
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In the special  ca se  when the ape r tu re  is on the top of the sphere  with 
coordinate (a, 0, 0),  Eq. (15) reduces to 

n $1 

Transformation of Coordinates 

In programming Eqs .  (10) and (15) fo r  a digital computer,  dif- 
f icult ies will be encountered in determining the number of t e r m s  needed 
in the se r i e s  since double summation over index m and n i s  required.  
In contrast ,  only a single summation is necessary  for Eqs.  (11) and (16) 
and it is much eas ie r  to handle. 

The troublesome problem for  programming Eqs .  (10) and (15) for  
calculating the far-field pattern of an a rb i t r a r i l y  located dipole o r  
ape r tu re  can be avoided by a method which i s  descr ibed in the following 
paragraphs.  

F o r  a n  a rb i t r a r i l y  located dipole ( o r  ape r tu re )  with coordinate 
(a ,  eo ,  +o )  on the sphere ,  the coordinate sys tem i s  f i r s t  rotated around 
the z-axis through the angle +o,  and then followed by tilting the rotated 
coordinate system an angle of 8, so  that the coordinate of the dipole 
( o r  aper ture)  in the new coordinate sys tem will be ( a ,  0 ,  0 ) .  
new coordinate system that the simplified formulae shown in Eq. (11) 
( o r  Eq. (16)) can be used. F o r  each direction specified by 8 and 9 in 
the original coordinate sys tem the corresponding coordinates 8' and 
in the new coordinate system w i l l  be 

It i s  in this 

I 
( 1 7 )  8 = c0s-l [ C O S  8, C O S  e t sin eo s in  e COS(+-+, ) ]  

and 



The t ransformation of the unit vectors can be obtained by taking the 
gradients of cos  8' and cot +' in the two coordinate sys tems 

V C O S  8' = v [ C O S  eo cos e t  s in  eo sin e 
- -  ee  
-- [ - c o s  eo sin e t s in  eo s in  e cos(+-+,) I R 

t- [ -s in  0, sin esin(+-+,)l ,  
R s in  8 

E+' 
v cot +' = csc2  +', 

R sin 8' R s in  8' 

Equating the gradients of the same functions in the two coordinate systems 
given by Eqs.  ( l9 ) ,  (20 ) ,  (21), and (22)  the following relations a r e  obtained 
for  the unit vectors :  

and 
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The far field of a n  a rb i t r a r i l y  located dipole ( o r  aper ture)  is then 
evaluated first in the rotated coordinate sys tem by Eq. (11) (or  Eq. (16)) 
with the appropriate angular coordinates given by Eqs.  (17) and (18). 
The field components thus acquired a r e  converted back to  the original 
coordinate system through the use  of Eqs.  (23)  and ( 2 4 ) .  If severa l  
sources  (dipoles o r  aper tures )  a r e  assumed,  the procedures  described 
above must  be repeated and the sum of those field components gives the 
resultant field. 

Numerical Computation 

Equations ( 1  1 ) ,  ( 1 6 ) ,  ( 1  8), ( 2 3 ) ,  and (24) a r e  programmed for  the 
computer IBM 7094. 
Besse l  and Neumann functions for  r ea l  arguments  and positive integral  
o r d e r s  described by Corbato and Uretsky. ' 
summed in those se r i e s .  
e r r o r s  within one per  cent in the summation of the s e r i e s ,  the diameter  
of the sphere i s  limited to a value of l e s s  than four wavelengths. The 
resu l t s  a r e  normalized for  each group with the same  configuration of 
sources  and the same diameter  of the sphere.  Pa t te rns  a r e  shown in 
F i g s .  3-10 for  the dipole source  case  and Figs .  11-16  for  the ape r tu re  
source  case .  
with coordinate 8 =  O", 4, = 0 " ;  8 =  109.5", 4 = 0"; e =  lO9.S0, 9 = 1 2 0 " ;  
and 8 = 1 0 9 . 5 " ,  9 = 2 4 0 " ,  respectively.  

A subroutine has  been used f o r  generating spherical  

Twenty-five t e r m s  a r e  
To a s sume  convergence and to confine the 

The four sources  on the sphere  a r e  symmetr ical ly  located 

I n  summing those s e r i e s  the summation was stopped when the ratio 
of the absolute value of the sum of the las t  four t e r m s  and the absolute 
value of the total sum i s  l e s s  than , This c r i te r ion  l imits the 
argument  in the spherical  Besse l  and Neumann functions to l e s s  than 12 
(corresponding to a diameter  of the sphere  l e s s  than 4h)  in o rde r  to 
terminate  the summation within 2 5  t e r m s .  
Besse l  and Neumann functions can s t i l l  be used for  o r d e r s  higher than 25  and 
l a rge r  arguments ,  but the routine used f o r  the Legendre will  give more  
cumulated e r r o r s  f o r  higher o rde r  t e r m s .  
caused by transformation of coordinates and unit vectors  which a r e  not 
easy to es t imate .  
because only Eqs .  (17) and ( 2 3 )  were  used (use  must  be made of Eqs.  (18) 
and ( 2 4 )  a lso for  aper ture  excitation) since there  is no 4 field component. 

The subroutine for  the spherical  

In addition, there  a r e  e r r o r s  

Fewer e r r o r s  a r e  involved when the sources  a re  dipoles 
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The corresponding diameter  of the sphere ,  the angle $, and the 
field direction angle p on the aper ture  ( for  the ape r tu re  source  case 
only) a r e  indicated in  each pattern.  
a s sumes  the sma l l e r  value of the two? s indicated. 
the same  f o r  all four ape r tu re s  on the sphere ,  i. e . ,  it is e i ther  0" o r  
90" .  

The right half of the pat tern 
The angle p is 

The resu l t s  a r e  normalized f o r  each group (all patterns in  the 
same  figure) with respect  to the largest  data value obtained in that group. 
The largest data value may not necessar i ly  be the actual maximum value 
since the position of the maximum of the radiation pattern may not be in  
the planes which have been chosen. 

In the dipole source  case  the fields a r e  evaluated between angles + = 0" and $ = 60' with the incremental  angle A+ = 10'. 
symmetr ica l  situation the field f rom $ = 0' to  + = 60" covers  all its 
variations.  
plane $ = 0" and 180", 9 = 45' and 225', + = 90" and 270', and + = 135" 
and 315' a r e  presented. F o r  the case in which p = 9 0 " ,  patterns in the 
plane + = 0" and 180", (p = 45' and 225", and 
presented.  
a r e  the s a m e  as those in the plane 4 = 45" and 225" ,  except that the 
right half and the left half of the pattern a r e  interchanged. 

Because of the 

In the ape r tu re  source case ,  with p = 0" ,  patterns in the 

= 90" and 270" a r e  
By symmetry ,  the patterns in the plane + = 135" and 315" 

In seve ra l  planes which have been chosen to show pa t te rns ,  t he re  
a r e  either no E e o r  no E+ components. F o r  example, F i g .  3 shows no 
E+ component in the plane + = 0" and 180", and in F i g .  11 there  is no Eo 
component in the plane + = 0" and 180", e tc .  
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0" x d = F  

( C >  

200" 

0" x d = T  

(d) 
Fig .  3. Radiation pat terns  of four dipoles, symmetr ical ly  

located and radially oriented on the surface of a 
sphere of diameter equal to X/2. 



d = -  x 
2 

4 =io: BO0 
E+ 9.00 

I 

d = -  x 
2 

4 =203x)0 

Fig. 3. Radiation patterns of four  dipoles, symmetrically 
located and radially oriented on, the surface of a 
sphere  of diameter equal to X/2. 
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\ I  $J =0~180" 

( C )  ( d )  

Fig. 4. Radiation pat terns  of four dipoles, symmetr ical ly  
located and radially oriented on the surface of a 
sphere of d iameter  equal to L 

14 



8=00 
I 

d = X  
t# =20q2oO0 

e = o o  c 

Fig. 4. Radiation patterns of four dipoles, symmetrically 
located and radially oriented on the surface of a 
sphere of diameter equal to X. 
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4 =309210" 

( C )  

Fig. 5. Radiation pat terns  of four dipoles, symmetr ical ly  
located and radially oriented on the surface of a 
sphere of d iameter  equal to 3X/2. 

1 6  



d=-A 3 
2 + =20:200° 6=0" 

I 

Fig. 5. Kadiation patterris of foxr dipale s, s;mxnetrically 
located and radially oriented on the surface of a 
sphere of diameter equal to 3X/2. 
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180" 

( C )  

210" 

F i g .  6 .  Radiation pat terns  of four  dipoles, symmetrically 
located and radially oriented on the surface of a 
sphere of diameter  equal to 21. 
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d =2X 

+ =20q2000 
8=0" c + =loqBOo 

8.0" 
I 

+ =30q2i0° 8.0" 

E, 

Fig. 6 .  Radiation patterns of four dipoles, symmetrically 
located and radially oriented on the surface of a 
sphere of diameter equal to 21. 
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5 d = F  

I 2 0  

=oq 
A 

180" 1 e;oo  A 
4 = 10: 190" 

5 
2 d = - A  

d =209200" R=Oo 
d=-A 5 

2 

5 
2 d=-A 5 d = - A  

4 =20q2oo0 @=O0 2 

( C )  (d) 
Fig .  7. Radiation pat terns  of four dipoles, symmetr ical ly  

located and radially oriented on the surface of a 
sphere of diameter  equal to 5X/2. 



Fig. 7. Radiation patterns of four  dipolcs, 
located and radially oriented on the surface of a 
sphere of diameter equal to 5X/2. 

symmetrically 
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=O: 180" 

€8  

(a) 

8.00 

8.0" 
d =3X 

=10:,190° 

€8 

( b) 

8.0" 

(d) F i g .  8. Radiation pat terns  of four dipoles, symmetrically 
located and radially oriented on the surface of a 
sphere of diameter  equal to 31. 
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Fig. 8. Radiation pat terns  of four  dipoles, symmetrically 
located and radially oriented on the surface of a 
sphere  of diameter equal to 3X. 
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d = - A  7 
2 

e = o o  + =Oq 180" I 

d = F A  7 

9 =20q2oo0 
n E8 Q=O" 

I 

9 =3Oq21oo 
0 =O" 

E8 

W 

(d) ( C )  

Fig. 9. Radiation pat terns  of four dipoles, symmetr ical ly  
located and radially oriented on the surface of a 
sphere of d iameter  equal to m/2. 
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t?=O" 

I 
+ =l0:190" 

E4 

t 

8=0" 
d=-A 7 

2 
200" 

(f) 

\ 

Fig.  9. Radiation patterns of four dipoles, symmetrically 
located and radially oriented on the surface of a 
sphere of diameter equal to 7X/2. 
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(a)" 

( C )  

U 
(b) 

(d) 
Fig. 10. Radiation pat terns  of four dipoles, symmetrically 

located and radially oriented on the surface of a 
sphere of diameter  equal to 4 X .  
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d = 4 ~  

8.0" 4 =l0~19O0 
I 

Fig. 10. Radiation patterns of four dipoles, symmetrically 
located and radially oriented on the surface of a 
sphere of diameter equal to 4X. 
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0.785 (d = 0.25 XI 
B =  0" 

E, 
+ = 45",225" 

8=00 
I 

0.785 (d =0.25 A )  
a=  0" 

# =135", 315" 8=0" 
I E, 

0.785 (d = 0.25 A )  
/3= 0" 

8=0" + =90", 270" 

0.785 (d = 0.25 XI 
/3= 0" + =O: 180" 

8.00 I E+ 

Fig .  11. Radiation pat terns  of four small  aper tures ,  symmetrically 
located on the surface of a sphere of diameter  equal to 
0. 25X, and with the field direction on the aper ture  the 
same a s  that of the unit vector 9. A 
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0.785 (d = 0.25 A) 
B =  0" 

4 = 45", 225" 
0.785 <d = 0.25 A )  
B =  0" + =903210" 

8.0' E+ 

0.785 (d = 0.25 A) 
0.00 85 0" 

I 4 = 135q315" 

Fig. 11. Radiation pat terns  of four smal l  aper tures ,  symmetr ical ly  
located on the surface of a sphere of diameter  equal to 
0. 251, and with the field direction on the aper ture  the 
s a m e  z s  t h t  of the unit vector 4. 
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0.785 (d = 0.25 A) 
B = 90" 

4 = O", 180" 

0.785 (d = 0.25 A) 
p = 90" 

4 =453225" 

0.785 (d = 0.25 A) 
B o  90" 

4 =goo, 270" 
Ee 

8.00 

F i g .  12. Radiation pat terns  of four  small  aper tures ,  symmetrically 
located on the surface of a sphere of diameter  equal to 
0. 25X, and with the field direction on the aperture  
perpendicular to the unit vector +. A 
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0.785 (d = 0.25 A )  
B = 90" 

4 = 45",225" 

0.785 (d = 0.25 A )  
B = 90" 

4 = 90; 270" 
8.00 E+ 

(d) (e 1 

Fig. 12. Radiation pat terns  of four small  aper tures ,  symmetr ical ly  
located on the surface of a sphere of diameter  equal to 
0. 251, and with the field d i r e c t i y  on the aper ture  
perpendicular to the unit vector 4. 
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1.65 (d =0.525 A) 
f i =  0" 

8=0° + =45:225" 
I E, 

1.65 (d = 0.525 A) 
p 0" 

E, 
+ =135: 315" 

8.0" 

I 

1.65 (d = 0.525 A) 
B =  0" 

O = P  + =90:270" 

1.65 (d = 0.525 A )  
O=O" /3= 0" + =Of 180" 

F i g .  13. Radiation pat terns  of four small  aper tures ,  symmetrically 
located on the surface of a sphere of diameter  equal to 
0.5251, and with the field direction on the aper ture  the 
same a s  that of the unit vector  +. A 
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1.65 (d = 0.525 A)  
8 -  0" 

+=90f27o0 
8=00 E+ 

1.65 (d = 0.525 A) 

= 135; 315" 
I,= 0" 

E+ 

F i g .  13. Radiation pat terns  or' four  sii-iai! a p c r 9 ~ r e s ,  symmetrically 
located on the surface of a sphere of diameter  equal to 
0. 525X, and with the field direction on the aperture  the 
same  a s  that of the unit vector 4. A 
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1.65 (d =0.525 A )  
B = 90" 

E, 
4 =Oq. 180" 

1.65 (d =0.525 A )  
B = 90" 

4 = 45: 225" 
E, 

1.65 (d = 0.525 A )  
= 90" 

4 = go", 270" 
Q=OO E, 

I 

Radiation patterns of four smal l  aper tures ,  
located on the surfacc of a sphere  of diameter  equal to 
0. 525X, and with the field clircct'on on the aper ture  
perpendicular to the unit vector +. 

symmetrically- 

A 
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1.65 (d = 0.525 A )  
p = 90" 

4 =: 45O,225O 

1.65 (d = 0.525 A) 
/3 = goo 

9 190 p270" 
E+ 

6.0" 

(d) (e )  

Fig.  14. Radiation pat terns  of four small  aper tures ,  symmetr ical ly  
located on the surface of a sphere of diameter  equal to 
0. 525X, and with the field direction on the aper ture  
perpendicular to the unit vector 9. A 
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' I  

5.76 (d = 1.83 A )  
B = O O  

4 = 45",225O 
E8 

e = o o  

I 

5.76 (d = 1.83 A )  
6 =  0" 

e=oo 4 =1353150 

5.76 (d = 1.83 A )  
/3= 0" 

4 =w270" 8.0" 

I E, 

(b) 

5.76 (d = 1-83 A )  
B = O O  

Fig. 15. Radiation patterns of four small  aper tures ,  synmietrically 
located on the surface of a sphere of diameter  equal to 
1. 831, and with the field direction on the aper ture  the 
same a s  that of the unit vector 4. A 
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5.76 (d = 1.83 A )  
p =  0" 

E+ 
4 =45:225O 

5.76 (d=1.83~) 
p O O  + =135:315° 

8.00 
I E, 

Fig. 15. Radiation pat terns  of four small aper tures ,  symmetr ical ly  
located on the surface of a sphere of diameter  equal to 
l,83X, and with the field direction on the ape r tu re  the 
same  as  that of the unit vector 4- 

A 
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. i  

i 5.76 (d = 1.83 A )  
B = 90" 

4 =45: 225" 
i 

I 

5.76 (d =1.83 A )  
B = 90" 

I -  v , .  (b) 

5.76 (d=l .83~)  
= 90" 

O=O" 4 = 909 270" 
I 

Fig .  16. Radiation pat terns  of four small aper tures ,  symmetrically 
located on the surface of a sphere of d iameter  equal to 
1. 83X, and with the field direction on the aper ture  
perpendicular to the unit vector  4. A 
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5.76 (d=l.83A) 

+ = 453225" 
p = 90" 

E+ 8=0" 

I 

5.76 (d = 1-83 A )  
/3 = 90" + = 90: 270" 

Fig.  1 6 .  Radiation pat terns  of four small  aper tures ,  symmetrically 
located on the surface of a sphere of diameter  equal to 
1. 831, and with the field direction on the aper ture  
perpendicular to the unit vector 4. A 
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